Abstract. In this paper we construct meromorphic data and prove a representation theorem for mean curvature one conformal immersions into the hyperbolic three-space. We also give various examples.
just one integration, h 2 T z dz. The branched points, if there are any, are isolated; in any case it is possible to handle the branched points and obtain many complete such surfaces. We emphasize that for mean curvature one immersion any geometric quantity can be expressed in terms of the euclidean Gauss map E alone.
Besides, the authors shall present in Section 4, many conformally parametrized complete surfaces with mean curvature one, immersed into the hyperbolic three-space with certain geometric properties. We shall describe explicitely families of such surfaces invariant by a discrete subgroup (but not invariant by a one-parameter continuous subgroup) of each of the following group of rigid motions of H 3 : parabolic, hyperbolic and elliptic. This paper is organized as follows. We shall develop in Section 1 the theory of surfaces conformally immersed into H 3 from our point of view. As a consequence, we shall derive the geometric quantities in terms of the euclidean Gauss map E and the hyperbolic Gauss map G. We shall infer another proof of Bryant's result:H = 1 if and only if G is holomorphic, and the immersion is totally umbilic if and only if G is anti-holomorphic. We observe that the latter astonishing result due to Bryant has thrown a light on the analytic nature of mean curvature one surfaces in H 3 . We note that Galvão and Góes [G-G] have also given an alternative proof of this theorem. We recall now that for minimal surfaces in euclidean space an analogous wellknown result holds. We shall explore the linking between minimal surfaces in euclidean space and mean curvature one surfaces in hyperbolic space over and over through our main results. This was explored before by Bryant [B] , 1] and the authors [SE-T, 1]. We begin Section 2 by establishing the globally defined equation for mean curvature one surfaces in H 3 , namely ( * ), see Proposition 2-1. Then, we show that any solution of ( * ) gives rise to a piece of a mean curvature one surface in the hyperbolic three-space, Theorem 2-5.
In Section 3 we shall develop our theory on mean curvature one surfaces, in order to prove our main results (3) (4) (5) (6) (7) (3) (4) (5) (6) (7) (8) . Finally, in Section 4, we shall give a family of complete examples.
Following Bryant idea's, Umehara and Yamada have introduced the notion of regular ends and provided several techniques, that have been very useful since then [U-Y, 1] . On this subject see also the following works: Umehara-Yamada [U-Y, 2] , [U-Y, 3 The basic idea here is that, looking at the upper half-space model of hyperbolic space, one can see that hyperbolic geometry is very well integrated with Euclidean Geometry. This point of view has guided us and Barbosa to several papers (see 2] , 3] , 1] and 2] ). We refer the reader to the authors'book as well 4] .
We note that any conformal immersion in the half-space model of hyperbolic space can be expressed in terms of the euclidean Gauss map E and the hyperbolic Gauss map G. In a forthcoming paper we make this more precise, see 5] . We note also that we have obtained a Weierstrass-Kenmotsu type theorem for prescribed mean curvature surfaces in hyperbolic space, see 6] .
The authors are grateful to the referee for valuable observations.
Surface theory in hyperbolic space.
We begin by fixing the notation we shall use in this paper. We shall focus on the half-space model of the hyperbolic 3-space, which we shall denote by H 3 , namely H 3 = {(u, v, w) ∈ R 3 ; w > 0} equipped with the hyperbolic metric du 2 + dv 2 + dw 2 w 2 .
Throughout this paper, U ⊂ C will be a simply connected domain of the complex plane with coordinate z = x + iy, and X : U → H 3 will be a C 2 conformal immersion of U into H 3 . We shall call M = X(U ) a surface in H 3 . For any vectors u and v, the notation u · v (resp. u ; v ) stands for the standard euclidean (resp. hyperbolic) inner product of u and v. Let N be the euclidean Gauss map of X such that (X x , X y , N)(z) is a positively-oriented basis of R 3 for each z ∈ U , where X x = ∂X/∂x and X y = ∂X/∂y. That is,
where | · | stands for the euclidean norm and ∧ for the euclidean vector product. We call N = (N 1 , N 2 , N 3 ) the oriented euclidean Gauss map of X, or more briefly the euclidean Gauss map of X. DEFINITION 1.1.
(1) Let Π : S 2 → C ∪ {∞} be the standard stereographic projection. We set
We call E the oriented euclidean Gauss map of X.
(2) Let p = X(z) ∈ M be a point on M. Let γ + be the geodesic ray issuing from p, orthogonal to M and oriented by the normal vector N(z). Let ω ∈ ∂ ∞ H 3 = C ∪ {∞} be the asymptotic boundary of γ + . We then define a map G : U → C ∪ {∞} by setting G(z) = ω. The map G is the well-known hyperbolic Gauss map of X (or M), [B] .
The following result states the relationship between these two Gauss maps E and G, which will be fundamental throughout this work.
PROPOSITION 1.2. Using the notation above, we have
PROOF. Let z ∈ U be any point. Observe that G(z) = (u + iv) (z) implies that N(z) = (0, 0, −1), and therefore E(z) = 0 = (G − (u + iv)) (z) where wz = ∂w/∂z.
PROOF. As N is the euclidean Gauss map of X, we have X x · Π −1 (E) = X x · N = 0. Then, by Proposition 1-2, we obtain
which is the first equation of (1.1). The second equation of (1.1) is obtained in a similar way.
2 
Moreover, we have for every
PROOF. As X is a conformal immersion, we have
On the other hand, using Proposition 1-2 and Lemma 1-3, we have
From (1.6)-(1.8) we deduce that complex numbers (G x − wE x ) and (G y − wE y ) have the same modulus and their arguments differ from ±π/2. Thus, we get (G y − wE y ) = ±i(G x − wE x ). Now recall that
Therefore, by Lemma 1-3, we get (G y −wE y ) = −i(G x −wE x ). Hence we have G z −wE z = 0. Now, as X is a conformal immersion, the metric ds 2 induced on U by X is given by
On account of Gz − wEz = Gz − wEz + G z − wE z = G x − wE x , we have (1.4). Finally, as w xy = w yx , by Lemma 1-3, we get (1.5), which completes the proof of the lemma. 2 DEFINITION 1.5.
(1) We callÑ the unit normal vector field on M with respect to the hyperbolic norm, having the same orientation as N, ifÑ = wN.
(2) Denote by D (resp. ∇) the Riemannian connection of R 3 (resp. H 3 ). Also, denote by Π (resp.Π) the euclidean (resp. hyperbolic) second fundamental form of the immersion X with respect to N (resp.Ñ), that is, For example,
Recall also that for any vector fields A, B and C we have
, where A[w] stands for the (euclidean) derivative of w with respect to A, see [N] or 2] .
(3) We denote by H (resp.H ) the euclidean (resp. hyperbolic) mean curvature of X with respect to N (resp.Ñ ). That is,
(4) We denote by Φ (resp.Φ) the Hopf function of X in R 3 (resp. H 3 ), namely
PROOF. By Lemma 1-3, we easily get
Now, using the relation (1.9), we thus get
The other relations involving b xy , b yy ,b xy andb yy can be shown in a similar way. Now relations (1.10) -(1.14) are easily inferred by using the definition of H ,H , Φ and Φ and (1.5). This concludes the proof of the lemma. 2 REMARK 1.7. It is well-known that every positive isometry (that is, an isometry preserving the orientation) J : H 3 → H 3 extends continuously to the asymptotic boundary ∂ ∞ H 3 of H 3 . Moreover, the restriction of J to ∂ ∞ H 3 , denoted by J ∞ , is a Möbius function. Conversely, each Möbius function on ∂ ∞ H 3 is the restriction of a unique positive isometry of H 3 . Let us call ζ = u + iv the coordinate on ∂ ∞ H 3 = C ∪ {∞}. Note that every Möbius function f on C ∪ {∞} has a form of either
where α, β ∈ C and λ, θ ∈ R, λ > 0.
LEMMA 1.8. Let J : H 3 → H 3 be a positive isometry and J ∞ the restriction of J to ∂ ∞ H 3 . LetÊ be the euclidean Gauss map of the immersionX = J • X : U → H 3 . Then we haveÊ
PROOF. For any complex number β and any real numbers λ, θ, λ > 0, we denote by H λ the homothety on H 3 with respect to 0 and ratio λ, by T β the horizontal ( Re β, Im β, 0)-euclidean translation on H 3 , and by R θ the euclidean rotation on H 3 with respect to the w-axis with argument θ . Observe that H λ , T β and R θ are positive isometries of H 3 .
Suppose that J ∞ (ζ ) = α + λe iθ /(ζ + β). Let I : H 3 → H 3 be the positive isometry of (û,v,ŵ) and consider the hyperbolic Gauss mapĜ ofX. ThusĜ = J ∞ (G). Observe also that
Then we obtain
Now, the proof is a straightforward verification by using Proposition 1-2, Lemma 1-4 and the relationÊ
The following result was first proved by Bryant [B, Proposition 1] . See also Galvão and Góes [G-G] for an alternative proof.
is totally umbilic if and only if
Consequently, the umbilic points of any non-totally umbilic mean curvature one surface in H 3 are isolated.
PROOF. From (1.3) and the fact that w > 0 it follows that for any z 0 ∈ U such that E(z 0 ) = ∞, we have G z (z 0 ) = 0 if and only if E z (z 0 ) = 0, which occurs if and only if p = X(z 0 ) is an umbilic point. Now, let z 0 ∈ U be a point such that E(z 0 ) = ∞. Let J : H 3 → H 3 be a positive isometry of H 3 such thatÊ(z 0 ) = ∞, whereÊ is the oriented euclidean Gauss map of the immersionX = J • X. Let J ∞ be the restriction of J to the asymptotic boundary ∂ ∞ H 3 . For the hyperbolic Gauss mapĜ ofX, we haveĜ = J ∞ • G. We see that z 0 is an umbilic point of X if and only if z 0 is an umbilic point ofX, which occurs if and only ifĜ z (z 0 ) = 0 so that G is anti-meromorphic at z 0 . From this we easily deduce the last statement in assertion (1).
In the same way, since the metric (1.4) does not degenerate, we have Gz − wEz = 0 on U . Then, we deduce from (1.11) that G is holomorphic at z 0 if and only ifH (z 0 ) = 1 on U . In case where there exist some points z 0 ∈ U such that E(z 0 ) = ∞, we proceed as before to conclude thatH ≡ 1 if and only if G is a meromorphic map. This completes the proof of the corollary.
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We deduce from Lemma 1-6 the following equation for constant mean curvature.
ThenH is constant if and only if
PROOF. Since Gz − wEz = 0, (1.11) leads tõ
Here, sinceH is real,H is constant if and only ifH z = 0, which is equivalent to
Then by (1.5) we have the conclusion. 2 2. Mean curvature one surfaces in H 3 via the euclidean Gauss map. Throughout this section we shall use the same notation as in Section 1. From now on we assume that X : U → H 3 is a C 3 conformal immersion, where U ⊂ C is a simply connected domain.
By Corollaries 1-9 and 1-10, we have the following
(1) Assume that X is not a totally umbilic immersion and E(z) = ∞ for any z ∈ U . Then we also have the following necessary and sufficient condition forH ≡ 1:
Indeed, ifH ≡ 1, then (2.1) holds because of Lemma 1-3 and Corollary 1-9. Reciprocally, suppose that (2.1) holds. From Lemma 1-3 we infer thatĒ Gz ≡ 0. Set U 1 = {z ∈ U ; E(z) = 0} and U 2 = {z ∈ U ; Gz(z) = 0}. Thus U 1 and U 2 are open subsets of U such that U 1 ∪ U 2 = U . Hence we have the following alternative:
is a peace of a horizontal euclidean plane in H 3 with downward normal, which implies thatH ≡ −1 on U 2 . These observations force U 1 ∩ U 2 = ∅. Note also that U 1 = ∅ implies that E ≡ 0 on U , and hence X is a totally umbilic immersion, which is a contradiction. Consequently, U 2 = ∅, that is, Gz = 0 on U . We therefore conclude thatH ≡ 1 on U .
(2) Observe that Proposition 2-1 shows that Equation ( * ) is a necessary condition for H ≡ 1 but is not a sufficient condition.
Indeed, assume that X is a mean curvature one conformal immersion such that E = ∞ on U . Then its euclidean Gauss map E satisfies Equation ( * ). Let λ > 0 and consider the new conformal immersion X 1 = X + (0, 0, λ). Clearly, X 1 and X have the same euclidean Gauss map. Therefore the euclidean Gauss map of X 1 satisfies Equation ( * ). Note that vertical translations are not isometries of H 3 . It is easy to deduce that X 1 is not a mean curvature one immersion into H 3 . For instance, any positive vertical translation of any horosphere whose asymptotc boundary is a finite point in ∂ ∞ H 3 (that is, any euclidean sphere in H 3 tangent to {w = 0}) is a compact sphere in H 3 whose mean curvature with respect to the inward unit normal vector field is strictly bigger than 1.
Similarly, suppose that X is a mean curvature one conformal immersion with E = ∞ on U , such that the coordinate w is bounded from above. Then there exists a γ > 0 such that w(z) < γ for every z ∈ U . Therefore X 2 := −X + (0, 0, λ) : U → H 3 is a conformal immersion for any λ ≥ γ . The oriented euclidean Gauss map of X 2 is E, which satisfies Equation ( * ) although the mean curvature of X 2 is not one.
As a matter of fact, let X : U → H 3 be a conformal C 3 immersion such that E(z) = ∞ for any z ∈ U , E satisfies Equation ( * ) andH ≡ 1. Then we prove in a forthcoming paper, see 5] , that X must have one of the two forms mentioned above unless Ez ≡ 0, that is, X is a minimal immersion into R 3 in euclidean meaning.
(3) Remark that Equation ( * ) does not depend on the choice of a complex coordinate.
PROOF. Let us first show that {z ∈ U ; E z (z) = 0} is a discrete subset of U . For this, we are going to show the existence of a positive real function ϕ : 
The integrability condition of (2.3) is given by
which is satisfied, since E satisfies Equation ( * ). Since U is a simply connected domain, we deduce that there exists a real function f on U which is a solution of (2.3), so that
Thus the fonction ϕ = e f is a positive real function satisfying (2.2). Therefore ϕE z is a holomorphic function as desired. The second part is shown in the same way. 2 LEMMA 2.4. Let X be a C 3 non-totally umbilic conformal immersion such that E(z) = ∞ for any z ∈ U . Assume that its euclidean Gauss map E satisfies Equation ( * ) and that G z = wE z is a holomorphic map. Then we haveH ≡ 1.
PROOF. Indeed, as wE z is a holomorphic map, wzE z + wE zz = 0. Since E satisfies Equation ( * ), we then get
Recall that, by Lemma 2-3, E z have isolated zeros. Then, by a continuity argument, we deduce that the relation (2.1) in Remark 2-2 holds. Hence, by (1) of Remark 2-2, we havẽ
We next prove that a solution of Equation ( * ) gives rise to a mean curvature one conformal immersion into the hyperbolic 3-space.
THEOREM 2.5. Let U ⊂ C be a simply connected domain and
Then there exists a map X : U → H 3 such that the restriction of X on U * defines a mean curvature one conformal immersion of U * into H 3 whose euclidean Gauss map is E. More precisely, we have
The hyperbolic metric induced by X is given by ds = |Ez||dz|. Furthermore, X is uniquely determined up to a positive isometry of H 3 . More precisely, ifX : U * → H 3 is another mean curvature one conformal immersion whose euclidean Gauss map is E, then there exists a positive real number λ > 0 and a complex number α ∈ C such thatX
PROOF. Since U is simply connected and E satisfies Equation ( * ), the proof of Lemma 2-3 shows that the real 1-form
is integrable. Thus we can define a strictly positive function w on U by setting as in (2.4). Moreover, w satisfies (2.1) in Remark 2-2, which implies that wE z is a holomorphic function on U . As U is simply connected, there exists a holomorphic function G on U as in (2.5). Now we define real functions u and v on U by setting as in (2.6). Let us prove that the map X = (u, v, w) : U → H 3 restricted to U * is a conformal mean curvature one immersion with euclidean (resp. hyperbolic) Gauss map E (resp. G).
Observe that from (2.5) we get G z = wE z . Therefore Gz − wEz = Gz − wEz + G z − wE z = G x − wE x and Gz − wEz = Gz − wEz − (G z − wE z ) = i(G y − wE y ). Thus we get G y − wE y = −i(G x − wE x ). Also, by using (2.4), we get
Hence we have that X x · X x = X y · X y and X x · X y = 0, that is, X defines a conformal immersion of U * into H 3 . Now the oriented euclidean Gauss map N on U * is given by
Using the above relations, a computation shows that
Thus we get on U *
We deduce that E is the euclidean Gauss map of X as desired. Also from (2.6) and Proposition 1-2 we deduce that G is the hyperbolic Gauss map associated to N. Finally, as G is a holomorphic map, we conclude from Corollary 1-9 that H ≡ 1 on U * . That is, X : U * → H 3 is a mean curvature one conformal immersion whose induced metric is given by
This completes the proof of the existence part of the statement. Suppose now thatX : U * → H 3 is another conformal mean curvature one immersion with the oriented euclidean Gauss map E . SetX = (û,v,ŵ) , and consider the hyperbolic Gauss mapĜ ofX. SinceĜ is a holomorphic map (Corollary 1-9), we infer with Lemma 1-4 that the coordinateŵ satisfiesŵẑ
This implies the existence of λ > 0 such thatŵ = λw. Moreover, Lemma 1-4 shows that G z =ŵE z = λwE z = λG z . SinceĜ and G are holomorphic functions, we deduce that there exists α ∈ C such thatĜ = λG + α. Thuŝ
This achieves the proof of the theorem. 2
Theorem 2-5 leads immediately to a global representation:
COROLLARY 2.6. Let S be a Riemann surface and E : S → C a non-holomorphic C 2 map satisfying ( * ). Assume that
for every closed path γ ⊂ S. Let w : S → R be a function defined by
We now describe in terms of E the Hopf functionΦ and the Gauss curvature K of a mean curvature one surface. PROPOSITION 2.7. Assume that X : U → H 3 is a mean curvature one conformal immersion such that E(z) = ∞ for any z ∈ U . Then it holds that
The proof is a straightforward verification, by using the fact that the hyperbolic Gauss map G is a holomorphic map. REMARK 2.8. Since U is simply connected, it is well-known that to each mean curvature one conformal immersion X : U → H 3 is associated an isometric minimal and conformal immersion Y : U → R 3 . That is, the induced metric on U by Y is ds 2 and the second fundamental form of Y isΠ − ds 2 , see [L] , [B] , [U-Y, 1] , [SE-T, 1]. Moreover, Y is uniquely determined up to a positive isometry of R 3 . Consequently, the Weierstrass representation (g, f dz) associated to X (namely, of the minimal immersion Y associated to X) is defined up to a rotation of R 3 . Nevertheless, throughout this paper, we shall call the Weierstrass representation of any minimal immersion associated to X the Weierstrass representation associated to X.
We deduce from Proposition 2-7 the following COROLLARY 2.9. Assume that X is a mean curvature one conformal immersion. Let Y : U → R 3 be the isometric minimal immersion associated to X. Let (g, f dz) be the Weierstrass representation of Y . Then, on U * = {z ∈ U ; E(z) = ∞}, we have
so thatΦ = −2f g z on U * . Furthermore, for each z 0 in U, the function g and the hyperbolic Gauss map G have the same order at z 0 .
PROOF. The metrics induced on U by X and Y are the same, so that
Moreover, the Hopf functions of X and Y are the same. Since the Hopf function of Y is −2f g z , it follows thatΦ
Finally, let z 0 be any point in U . Up to a positive isometry of R 3 (resp. H 3 ) we can suppose, without changing the order of g (resp. G) at z 0 , that z 0 is not a pole of g (resp. G), so that
Observe that f and (Ē) z /w(1 + EĒ) are holomorphic functions which do not vanish at z 0 . Hence, g has order n ∈ N * at z 0 if and only if g z has a zero at z 0 with multiplicity n − 1, which is equivalent to that G z has a zero at z 0 with multiplicity n − 1, that is, G has order n at z 0 . This completes the proof of the corollary. 2 REMARK 2.10. Assume thatH ≡ 1 and E = ∞ on U . Then, by Lemma 1-3, one can easily verify a well-known fact that Logw is a superharmonic function. REMARK 2.11. Now we recall briefly some technical facts obtained in [SE-T, 1], since we need them to produce Examples 2-12 and 2-13. In what follows, we keep the notation of that paper.
Let Y : U → R 3 be a conformal minimal immersion and (g, f dz) the Weierstrass representation of Y . Let A, B, C and D be holomorphic functions on U given by Proposition 1-7 in [SE-T, 1]. Then, up to a positive isometry of H 3 , the associated mean curvature one immersion X : U → H 3 is given by
As a matter of fact, A and C (resp. B and D) are independent solutions of
EXAMPLE 2.12. The euclidean Gauss map of the catenoid-helicoid cousins. Let us consider the Weierstrass data (g, f dz) = (e z , λe iθ · e −z dz) on U = C, where λ > 0 and θ ∈ [0, 2π[. For each positive λ, when θ varies in the interval [0, 2π[, this yields a family of isometric minimal immersions Y λ,θ : C → R 3 . In fact, this family varies continuously from the catenoids (when e iθ = ±1) to the helicoids (when e iθ = ±i). Let us denote by X λ,θ the associated mean curvature one immersion into H 3 . Let γ = γ 1 + iγ 2 be a complex number such that γ 2 + γ − λe iθ = 0. Set A(z) = e γ z , and note that A satisfies (2.7)-(1).
Suppose first that 1 + 2γ = 0. On account of Proposition 1-7 of [SE-T, 1], we have
Thus X λ,θ is given by (see Remark 2-11)
We deduce also that
Performing some calculations combined with Proposition 1-2, we get
Note that for any y 0 ∈ R we have
Suppose now that 1 + 2γ = 0 (that is, λ = 1/4 and e iθ = −1).
We remark that w(z
We then deduce the following: (i) When e iθ = 1, or e iθ = −1 and λ < 1/4 (that is, Im γ = 0 and 1 + 2γ = 0), X λ,θ is a rotational immersion, called catenoid cousin by Bryant, see [B] .
(ii) When e iθ = −1 and λ = 1/4 (that is, 1 + 2γ = 0), the associated surface (see figure 0-a) is invariant under the euclidean horizontal translations in H 3 :
The profile curve, called "courbe des forçats" (see figure 0-b), was studied by Poleni in 1729, see [Rev] . This surface is known as a dual of Enneper's cousin, see [R-U-Y, 3] .
(iii) When e iθ = −1 and λ > 1/4 (that is, 1 + 2 Re γ = 0 and Im γ = 0), X λ,θ is invariant under a one-parameter group of hyperbolic translations:
(iv) In all other cases (that is, e iθ = ±1, or equivalently Im γ = 0 and 1+2 Re γ = 0), X λ,θ is a non-trivial helicoidal immersion. Now, let us show that if Im γ = 0 (that is, when the immersion is neither a rotational one nor invariant by an euclidean horizontal translation), then the asymptotic boundary of the surface is the whole ∂ ∞ H 3 . Indeed, by setting z = x + iy and γ = γ 1 + iγ 2 , we have
Let u 0 + iv 0 ∈ C * be any non-zero complex number and α ∈ R such that
Denote by z α = x + iy the complex numbers such that 2γ 2 y − x(1 + 2γ 1 ) = α. We then have
it is easy to see that Arg(u+iv)(z α ) approaches any real number, modulo 2π, when x → +∞. Consequently, there exists a subsequence z α, n = x n + iy n such that lim n→+∞ x n = +∞ and lim Arg(u + iv)(z α, n ) = Arg(u 0 + iv 0 ). We infer that u 0 + iv 0 lies on the asymptotic boundary of the surface. Since this is true for any non-zero complex number u 0 + iv 0 , we conclude that the asymptotic boundary is the whole ∂ ∞ H 3 as claimed.
It can be easily inferred that in the case where γ ∈ R − {−1/2} (that is, when the immersion is rotational), the asymptotic boundary is {0, ∞}. Finally, if γ = −1/2 (that is, when the immersion is invariant under euclidean horizontal translations), then the asymptotic boundary is {∞}. EXAMPLE 2.13. The euclidean Gauss map of the Enneper cousins. Let us now consider the Weierstrass representation of Enneper surfaces on U = C: z, αdz) , where α ∈ C * . The equations (2.7) in Remark 2-11 are
Let γ ∈ C be any square root of α, that is, γ 2 = α. Then the function A(z) = e γ z is a solution of (1). Thus, taking into account of Proposition 1-7 of [SE-T, 1], we get
. Therefore, using Proposition 1-2, we get
3. Meromorphic data. Recall that H (resp.H ) denotes the euclidean (resp. hyperbolic) mean curvature with respect to N (resp.Ñ). Furthermore, U ⊂ C is a simply connected domain.
REMARK 3.1. Assume thatH ≡ 1 and E z ≡ 0. Then we see that X is an euclidean totally umbilic immersion, so that it is a hyperbolic totally umbilic immersion. Hence we may conclude that X(U ) is part of a horosphere.
Throughout this section we consider the equation
where E : U → C ∪ {∞} is a C 2 map. In fact, we require that ( * ) holds on U − {z ∈ U ; E(z 0 ) = ∞}. When E is the oriented euclidean Gauss map of a mean curvature one conformal immersion X : U → H 3 , the set {z ∈ U ; E(z 0 ) = ∞} is discrete unless X is a totally umbilic immersion (see Lemma 2-3). When E is the euclidean Gauss map of a conformal immersion X, we have seen in Section 2 that ( * ) is a necessary condition to havẽ H ≡ 1 (see Proposition 2-1).
DEFINITION 3.2. Let E : U → C ∪ {∞} be a C 2 function. We say that E is a non-trivial solution of Equation ( * ) if E is a solution of ( * ) and is neither meromorphic nor anti-meromorphic. Otherwise, we say that E is a trivial solution of Equation ( * ). This terminology is justified by Remark 3-1. LEMMA 3.3. Let E be a solution of ( * ) which has one of the forms
where I and J are meromorphic functions on U . Then E is a trivial solution of ( * ).
PROOF. Suppose that E = IJ . We have E z = I zJ , Ez = I J z and E zz = I z J z . Thus ( * ) holds if and only if I z J z = 0. This implies I z ≡ 0 or J z ≡ 0. Then E is either antimeromorphic or else E is meromorphic. The case where E = I +J can be treated in the same way.
We observe that Examples 2-12 and 2-13 suggest to look for solutions of ( * ) of the following form
where h, R, S and T are meromorphic functions on U . As a matter of fact, the form (3.1) is invariant under positive isometry of H 3 (see Proposition 3-7) and, surprisingly, we shall see that every solution of ( * ) must have this form (see Theorem 3-13).
LEMMA 3.4. Let E : U → C ∪ {∞} be a solution of ( * ) of the form (3.1). If one of the functions h, R, S or T is constant, then E is a trivial solution of ( * ).
PROOF. If T or R is constant, then we already know from Lemma 3-3 that E is a trivial solution of ( * ).
Suppose that h is constant and set h ≡ c ∈ C * . We then have E = cS(T +R), E z = cST z , Ez = cS z (T +R) + cSR z and E zz = cS z T z . Note that if S were also constant, then E should be a trivial solution of ( * ). Hence, let us suppose that S is not constant on U . Thus ( * ) holds if and only if
Differentiating this with respect toz, we have
Therefore, if R is not constant, we infer easily that T is constant. In each case we see that E must be a trivial solution of ( * ). We can apply the same argument when S is constant. This achieves the proof of the lemma.
We are looking for non-trivial solutions of Equation ( * ).
of the form (3.1). Then E is a non-trivial solution of ( * ) if and only if there exist two complex numbers a and b, a
for any complex numbers α, β .
Consequently, we have
E = h a · (b + aT )h z + ahT z h 2 T z b + aT + h z (b + aT )h z + ahT z .
Conversely, for any meromorphic functions h and T on U and for any complex numbers a and b, a = 0, the function E = hS(T +R), where R and S are defined as above, is a solution of ( * ).

PROOF. Let E = hS(T +R) be a non-trivial solution of ( * ).
Consequently, h, R, S and T are non-constant meromorphic functions on U . Therefore ( * ) is written as
Taking the derivative of the last equality with respect to z, we get
Observe that if ((T h z + hT z )/ h z ) z ≡ 0, then we should have one of the following possibilities:
If the case (1) occurs, we infer that T is constant. Furthermore, if the case (2) occurs, then h 2 ST z /h z and h 2 SRT z /h z are constant, so that R is constant. Therefore both cases contradict the assumption that E is non-trivial. Hence
Differentiating this by z, we then get
Since T is not a constant function, it follows that
Consequently, there exist complex numbers a, b, c and d such that
Hence we get
Note that we must have ad − bc = 0, otherwise R should be constant. Now, we are going to look for the necessary and sufficient condition about a, b, c and d so that E = hS(T +R) is a non-trivial solution of ( * ), where R and S are given by (3.3). For this purpose, assume that S and R satisfy (3.3). We infer that (3.2) is written as
Observe that (hT z h zz − 2h 2 z T z − hh z T zz ) ≡ 0 implies that R and S are constant functions, a contradiction. On the other hand, (hT z h zz − 2h 2 z T z − hh z T zz ) = 0 if and only if h zz /h z − 2h z /h = T zz /T z , or equivalently h = −1/(e α 1 T + α 2 ) for certain complex numbers α 1 and α 2 . Thus h cannot have the form h = 1/(αT + β)
SinceT is a non-constant anti-holomorphic function, we may deduce
But it is easily seen that if h and T satisfy the relation α 1 h z + α 2 (hT z + T h z ) = 0 with complex numbers α 1 , α 2 such that α 1 = 0 or α 2 = 0, then h = α 3 /(α 2 T + α 1 ) for some complex number α 3 . This implies that E is a trivial solution of ( * ). Thus we must have
It is easy to see that a = 0, d = 0 and ad − bc = 0. Thus (3.4) leads to
Putting these relations into the expression of R, we conclude as promised that
Finally, let us consider any meromorphic functions h and T on U . Let a and b be any complex numbers, a = 0. Set E = hS(T +R), where R and S are defined as in the statement. Then the above proof shows that E is a solution of ( * ). 2
We shall need the following propositions. 
Furthermore, the induced metric and the Hopf function are given respectively by
PROOF. We deduce from Proposition 3-5 that
If we set
Notice that t is a unique real function, up to a multiplicative constant, with this property. Sincẽ H = 1, we have that wE z = G z is a meromorphic function. Hence, up to a multiplicative constant, we have
Furthermore, we deduce from Proposition 3-5
Hence we have
By a straightforward calculation with Proposition 2-7 and 3-5, we easily infer that
PROPOSITION 3.7. Assume thatH ≡ 1 and E has the form (3.1). Let J : H 3 → H 3 be a positive isometry of H 3 andÊ the euclidean oriented Gauss map of the immersion J • X.
ThenÊ has also the form (3.1).
The proof, based on Lemma 1-8, is a straightforward computation. We shall give the Weierstrass representation (g, f dz) of the associated minimal immersion in R 3 in the case where E has the form (3.1). PROPOSITION 3.8. Assume thatH ≡ 1 and E : U → C ∪ {∞} has the form as in Proposition 3-5. Let (g, f dz) be the Weierstrass representation of the isometric minimal immersion in R 3 associated to X (see Remark 2-8- (3)). Then we have
PROOF. We define holomorphic functionsĝ andf on U bŷ
Then the data (ĝ,f dz) define a minimal immersionŶ of U into R 3 with induced metric ds 2 = |Ez| 2 |dz| 2 and the Hopf functionΦ = 2E z (Ē) z /(1 + EĒ). Then the associated mean curvature one immersionX has the same induced metric and the Hopf function as those of X. We deduce that X andX differ by a positive isometry of H 3 . Consequently, they have the same associated minimal immersion in R 3 . We conclude therefore that we can choose g =ĝ and f =f . This completes the proof of the proposition. 2
We now give a meromorphic data for a mean curvature one conformal immersion in H 3 .
THEOREM 3.9 (Existence of Meromorphic Data). Let U ⊂ C be a simply connected domain and X : U → H 3 a non-totally umbilic conformal immersion. Let E be the oriented euclidean Gauss map of X. Assume that X has mean curvature one with respect to E (therefore, Equation ( * ) as in Proposition 2-1). Then there exist meromorphic functions h, T on U such that
Furthermore, up to a multiplicative positive constant, we have
Up to the same multiplicative positive constant and an additive complex constant, we also have
Moreover, we obtain 
where (g, f dz) is the Weierstrass representation of the minimal immersion in R 3 associated to X.
PROOF. Let Y : U → R 3 be the minimal conformal immersion associated to X and (g, f dz) the Weierstrass representation of Y . In order to prove the relation (3.5), we look for a meromorphic functionĥ on U satisfying
so that the mapÊ on U defined bŷ
is the euclidean Gauss map of a mean curvature one conformal immersionX := (û,v,ŵ) : U → H 3 such that X andX share the same metric and the same second fundamental form. Assume first that suchĥ andX exist. Consequently, X andX differ by a positive isometry of H 3 . Therefore, sinceÊ has the form (3.1), we may conclude with the aid of Proposition 3-7 that E has also the form (3.1) on U . Thus we deduce from Proposition 3-5 that there exist two meromorphic functions I and J on U and two complex numbers a and b, a = 0, such that
as desired. Thus, to prove the relation (3.5), it remains to show that the equation (3.15) admits a meromorphic solutionĥ on U and that there exists a mean curvature one conformal immersionX : U → H 3 satisfying the conditions stated above.
For this purpose, we choose a point z 0 ∈ U such that g(z 0 ) = ∞ and g z (z 0 ) = 0. Set ϕ =ĥ z /ĥ. Then (3.15) holds if and only if
Since g zz /g z is a holomorphic function (without pole) in a neighborhood of z 0 , the equation (3.16) (with respect to ϕ) is regular at z = z 0 . Therefore, (3.16) can be integrated in a neighborhood of z 0 . Thus we get a holomorphic solution ϕ of (3.16) defined on a simply connected neighborhoodÛ ⊂ U of z 0 . Hence, using the relation ϕ =ĥ z /ĥ, we get a holomorphic solutionĥ of (3.15) defined onÛ . We shall show thatĥ can be extended to a meromorphic function on U . Sinceĥ(z 0 ) = 0, we can suppose thatĥ = 0 onÛ . Moreover, we can assume that g is a holomorphic map such that g z = 0 onÛ . Consider the functionÊ onÛ which has the form (3.1), defined byĥ and g with complex constants a = 1 and b = 0. Namely,
for any z ∈Û . We then havê
Thus |Êz| = |f |(1+|g| 2 ), and thereforeÊz(z) = 0, ∞ for every z ∈Û . We deduce then with the aid of Theorem 2-5 thatÊ generates a constant mean curvature one conformal immersion X :Û → H 3 whose euclidean Gauss map isÊ. We infer from Proposition 3-8 that the Weierstrass representation (ĝ,f dz) of the minimal immersion ofÛ into R 3 associated toX is given byĝ
Thusĝ = g andf = f . Consequently, the immersions X |Û andX have the same metric and the same second fundamental form with respect their oriented euclidean Gauss map. This implies that X |Û andX differ by a positive isometry J of H 3 , that is,X = J • X |Û . Thuŝ X can be extended to the whole U as a mean curvature one conformal immersion, since X is defined on U . We call againX the conformal immersion defined on the whole U .
LetĜ be the hyperbolic Gauss map ofX. We infer from Proposition 3-6 thatĜ z =ĥ 2 g z onÛ . Thusĥ 2 =Ĝ z /g z onÛ . SinceĜ and g are defined on the whole U , we deduce again thatĥ 2 can be extended to a meromorphic map on U . Recall thatĜ and g have same order at any point of U (see Corollary 2-9). This implies that the zeros and poles ofĜ z /g z on U , if any, must have even multiplicity. As U is simply connected, using the Monodromy Theorem, one can show thatĜ z /g z has a well-defined square root meromorphic function on U . Thuŝ h can be extended to a meromorphic function on U , which we call againĥ. Then, by the analytic continuation,ĥ satisfies Equation (3.15) on the whole U as desired.
Finally, we show thatX is generated byÊ on the whole U and not only onÛ . For this purpose we set
Observe that U \ U * consists of isolated points. Furthermore, note thatÊ can be extended to a well-defined function on U * . We haveÊ(z) = ∞ andÊz(z) = 0 for any z ∈ U * , since |Êz| = |f |(1 + |g| 2 ). Now we setX := (ũ,ṽ,w) : U * → H 3 , where
for every z ∈ U * . A simple computation then shows thatw satisfies (2.1) in Remark 2-2 witĥ E instead of E. SinceÊ = ∞ on U * , the proof of Theorem 2-5 shows thatX : U * → H 3 is a mean curvature one conformal immersion having the euclidean Gauss mapÊ and the hyperbolic Gauss mapĜ. AsX =X onÛ , we conclude thatX =X on U * . Since U \ U * has only isolated points, we deduce with an argument of continuity that the euclidean Gauss map ofX isÊ andX is defined byÊ on the whole U . That is, for every z ∈ Û
This shows that the euclidean Gauss map of X is given by (3.5). Henceforth, (3.6), (3.7), (3.9), (3.10) and (3.11) follow from Proposition 3-6 on the subdomainŨ = {z ∈ U ; E(z) = ∞}. Since U \Ũ consists of isolated points, we infer that these relations hold on the whole U . On the other hand, (3.8) follows from Proposition 1-2. Lastly, we deduce from Proposition 2-7 that K = −|Φ| 2 /|Ez| 4 onŨ . Hence, using the expression of Ez (see the proof of Proposition 3-6), we easily find the desired formula for K onŨ and, by continuity, on the whole U . Relations (3.13) and (3.14) follow from Proposition 3-8. This completes the proof of the theorem. 2 REMARK 3.10. We note that it is possible to verify Small's formula using our representation (see [S] ). Indeed, under the notation of the present paper, T = g is the secondary Gauss map and h is equal to √ dG/dg (see Proposition 3-6). Then the meromorphic representation formula implies Small's formula for null meromorphic map F : M → PSL(2 C):
LEMMA 3.11. Let U ⊂ C be a simply connected domain and X : U → H 3 a nontotally umbilic conformal immersion. Assume that X has mean curvature one with respect to E. Consider the meromorphic data h and T of X given by Theorem 3-9. Let z 0 ∈ U be a point such that E(z 0 ) = ∞. Then h is holomorphic at z = z 0 . Moreover, h vanishes at z = z 0 if and only if T has a pole there whose multiplicity is the same as the order of h at z 0 .
Conversely, let z 0 ∈ U be a point where h is holomorphic and such that h vanishes there if and only T has a pole at z = z 0 whose multiplicity is equal to the order of h at z 0 . Then we have E(z 0 ) = ∞.
PROOF. In order to simplify the notation, let us set z 0 = 0. Consider the Weierstrass representation (g, f dz) of the minimal immersion in R 3 associated to the mean curvature one conformal immersion X : U → H 3 . We have seen in Proposition 3-8 that we can choose g = T . We deduce with the aid of Corollary 2-9 that T and G have the same order at any point and, in particular at z = 0. Recall that G z = h 2 T z (see relation (3.7) of Theorem 3-9). Since G(0) = ∞ (because E(0) = ∞) we infer that G z is holomorphic at z = 0.
Assume that h has a pole at z = 0. Thus h(z) = z p H (z), where −p ∈ N * and H is a holomorphic function at z = 0 with H (0) = 0. As G z = h 2 T z , we deduce that T is holomorphic at z = 0 and T z must vanish there. Thus G z must also vanish there with the same order as T z . This is impossible, since h is supposed to have a pole at z = 0. Therefore h is holomorphic at z = 0.
Assume that h vanishes at z = 0. Since G and T have the same order at z = 0, we deduce that T cannot be holomorphic at this point. Therefore, T must have a pole at z = 0.
Thus, T (z) = z q t (z) and h(z) = z p H (z)
, where p, −q ∈ N * and t and H are holomorphic functions with t (0) = 0 and H (0) = 0. Since G z is holomorphic at z = 0, and G and T have the same order at this point, we must have 2p + q − 1 ≥ 0 and 2p + q = −q. That is, q = −p, which shows that T must have a pole at z = 0 whose multiplicity is equal to the order of h there.
Finally, assume that T has a pole at z = 0. Thus we have T (z) = z q t (z), where −q ∈ N * and t is a holomorphic function with t (0) = 0. Then the previous argument shows that h must vanish at z = 0 and the order of h there must be equal to the order of T at z = 0. This completes the proof of the first statement of the lemma.
Conversely, let z 0 ∈ U be any point, and suppose that h is holomorphic at z = z 0 . If T is also holomorphic at z 0 , we deduce from the relation G z = h 2 T z that G is also holomorphic there. Therefore, in this case we have E(z 0 ) = ∞. Assume now that T has a pole at z = z 0 with multiplicity n ∈ N * and that h vanishes there with multiplicity n. We infer from the relation G z = h 2 T z that G is holomorphic at z 0 . Consequently, we must have E(z 0 ) = ∞. This achieves the proof.
Recall that Equation ( * ) is a global equation (see Remark 2-2-(3)). Now, consider a Riemann surface S and let h and T be two meromorphic functions on S such that h = 1/(αT + β) for any complex numbers α, β. Then w := |h 2 T z | 2 /(|T h z + hT z | 2 + |h z | 2 ) defines a global function on S with isolated zeros and "poles". Thus Theorem 3-9 leads to a global representation: THEOREM 3.12 (Representation Theorem). Let S be a Riemann surface and let h and T be non constant meromorphic functions on S such that h = 1/(αT + β) for any complex numbers α, β. Set
and S * = {z ∈ S ; |Ez| = 0, ∞}. Assume that
for every closed path γ ⊂ S on which neither h nor T have poles, that is, the 1-form h 2 T z dz has a global primitive G on S. Set
Then the function X := (u, v, w) : S * → H 3 defines a mean curvature one conformal immersion whose euclidean Gauss map is E and the hyperbolic Gauss map is G (recall that S \S * is a discrete set). Furthermore, the geometric quantities of X are given by (3.9) through (3.14) of Theorem 3-9.
Observe that when S is simply connected, (3.17) means that the function h 2 T z does not have non-zero residues.
PROOF. It follows from (3.17) that there exists a meromorphic function G on U such that dG = h 2 dT , that is, locally, G z = h 2 T z . Clearly, the set of zeros and "poles" of w is contained in the set of zeros and poles of h, dh, T and dT . Therefore the zeros and "poles" of w are isolated points. We set
A straightforward verification then shows that wz = −wĒ Ez 1 + EĒ on S + . Hence it can be inferred from the proof of Theorem 2-5 that X is a mean curvature one conformal immersion of S + into H 3 whose euclidean (resp. hyperbolic) Gauss map is E (resp. G). Let z 0 ∈ S * , and set g = T and
We then get |f |(1 + |g| 2 ) = |Ez|. Thus (g, f dz) define a mean curvature one conformal immersion X 0 of a simply connected neighborhood of z 0 , say U 0 , into H 3 . Note that when restricted to the set S + ∩ U 0 , X 0 and X differ by a positive isometry of H 3 . Henceforth, X can be extended to any point z 0 ∈ S * . This shows that for any z 0 ∈ S * , we must have w(z 0 ) = 0, ∞. This achieves the proof of the theorem. 2 THEOREM 3.13. Let U ⊂ C be a simply connected domain and E : U → C a C 2 map, which is neither holomorphic nor anti-holomorphic and satisfies
Then there exist a holomorphic function h and a meromorphic function T on U such that
Moreover, for any point z 0 ∈ U, T has a pole there if and only if h vanishes at z 0 , and T and h have the same order at this point.
PROOF. Assume first that Ez(z) = 0 for every z ∈ U . Then it follows from Theorem 2-5 that E generates a mean curvature one conformal immersion from U into H 3 whose euclidean Gauss map is E. Then we apply Theorem 3-9 to conclude that there exists meromorphic functions h and T on U satisfying the conditions.
Assume now that Ez vanishes at some points. Since E is not holomorphic, the points where Ez vanishes are isolated points (see Lemma 2-3). Set U * = {z ∈ U ; Ez(z) = 0}. Note that Theorem 2-5 allows us to construct a C 2 map X : U → H 3 such that its restriction to U * is a mean curvature one conformal immersion whose euclidean Gauss map is E. Consequently, each zero of Ez is a branch point (that is, a singularity) of X. Since E is a C 2 map, each branch point of X has a well-defined unit normal vector.
Observe that, beginning on a simply connected domain of U * and using the analytic continuation principle, we can construct a (possibly multi-valued) map Y : U * → R 3 which is a minimal conformal (possibly multi-valued) immersion, locally associated to X. Let (g, f dz) be the Weierstrass representation of Y . Thus g and f are (possibly multi-valued) meromorphic functions on U * .
We claim that Y can be extended to a branched minimal immersion from U into R 3 , branched at each zero point of Ez. Let z 0 ∈ U be a branch point of X, that is, a zero point of Ez. Let D ⊂ U be a small round disk centered at z 0 and such that z 0 is the only branch point of X contained in D. We denote again by Y the restriction of the (possibly multi-valued)
Note that the (possibly multi-valued) maps Y andỸ are locally associated to X (restricted to D * ). Therefore they share the same metric and the same second fundamental form. We deduce that Y andỸ differ by a positive isometry I of R 3 . Thus, I is a translation composed by a rotation R around a straight line of R 3 . Up to a positive isometry of R 3 , we can assume that R is a rotation around the vertical x 3 -axis. Thus there exists a real number α with 0 ≤ α < 1 such that lim θ→2π, θ<2π g(z 0 + e iθ (z − z 0 )) = e 2πiα g(z) for every z ∈ D * . Hence g(z) · (z − z 0 ) −α is a well-defined meromorphic function on D * . We want to show that α = 0.
Since E is C 2 at z = z 0 , we infer that E and E z both have finite limits when z goes to z 0 . Hence we deduce with the aid of Proposition 2-7 that the expression K(z)ds 2 = for any non-zero complex number γ . Conversely, consider the mean curvature one conformal immersion generated by E (see Theorem 2-5). As a verification, we are looking for the meromorphic data (h, T ) stated in Theorem 3-9, and then see that the Weierstrass representation of the associated minimal immersion is, up to a positive isometry of H 3 , g(z) = z and f (z) ≡ α, where α = γ 2 . This will show that the mean curvature one conformal immersions generated by E are the Enneper cousins.
We first callĥ(z) = γ ze −γ z /γ andT (z) = −1 +γ /z for any z ∈ C. Let a and b be any complex numbers with a = 0 and consider the meromorphic functions R and S given in Proposition 3-5. SetÊ =ĥS(T +R). Then a simple computation shows thatÊ = E if and only if a = b = 1/γ . Now, we set h(z) =ĥ(z)/a = γ ze −γ z and T (z) = b + aT (z) = 1/z. Then a straightforward calculation shows that
Then we easily infer that
We deduce with (3.13) and (3.14) of Theorem 3-9 that the Weierstrass representation of the associated minimal immersion in R 3 isg(z) = 1/z andf (z)dz = −γ 2 z 2 dz. Finally, let I be the euclidean reflection in R 3 with respect to the x 1 -axis (where (x 1 , x 2 , x 3 ) are the coordinates of R 3 ). LetỸ : C → R 3 be the conformal minimal immersion generated by (g,f dz). We call (g, f dz) the Weierstrass representation of the conformal minimal immersion Y = I •Ỹ . Hence a straightforward computation shows that g(z) = z and f (z) = α, where α = γ 2 , and we recognize the Weierstrass representation of the Enneper surfaces.
Examples.
Let us set U = C and choose the holomorphic data h(z) = e γ z and T (z) = b + e z , where b, γ ∈ C. Define E as in (3.18) in Theorem 3-13, that is,
A straightforward computation then leads to
and hT z h zz − 2h 2 z T z − hh z T zz (z) = −γ (γ + 1)e z+2γ z . Combining with Theorem 3-9, we deduce that for any γ ∈ C \ {−1, 0}, the data (h, T ) give rise to a mean curvature one conformal immersion X : C → H 3 whose metric is
We infer easily that X is a complete immersion for any complex numbers b and γ with γ = −1, 0. Let us call (g, f dz) the Weierstrass representation of the associated minimal immersion Y : C → R 3 . We infer from Theorem 3-9 that g(z) = T (z) = b + e z and f (z) = γ (γ + 1)e −z . When b = 0, we recognize the catenoid-helicoid family. We deduce that, up to a positive isometry of H 3 , if b = 0, then X is one of the immersions seen in Example 2-12.
From now on, we assume b = 0. From Theorem 3-9 we get
First case: γ = −1/2. In this case, G z ≡ 1. Thus we can choose G(z) = z. Furthermore, by setting γ = −1/2 in the formulas above, we get
It follows that for any z ∈ C, w(z
This shows that the surface X(C) is invariant under the horizontal translations (u + iv, w) → (u + iv, w) + (2πi, 0) of H 3 . Therefore, X(C) is invariant under a discrete subgroup of parabolic isometries of H 3 isometric to Z.
In Figure 1 -a, we draw a piece of a fundamental domain of the surface corresponding to b = 1/2. We draw also three fundamental domains of the same surface in Figure 1 -b. Observe that for each b ∈ C we get a dual of the Enneper cousins. From now on, we assume γ = −1/2. Hence we can choose G(z) = e (2γ +1)z /(2γ + 1). Thus
Therefore, for any z ∈ C we have
For any real number λ, let R λ be the rotation around the w-axis whose argument is λ and let H λ be the homothety with respect to 0 and ratio e λ . Note that R λ (resp. H λ ) is an elliptic (resp. hyperbolic) isometry of H 3 . Second case:
That is, X is invariant under a discrete subgroup of hyperbolic isometry of H 3 isometric to Z.
Third case: γ ∈ R \ {−1, 0, −1/2}. In this case we have X(z + 2πi) = R 4πγ (X(z)). That is, X is invariant under a subgroup of elliptic isometries of H 3 . Recall that when b = 0, X is invariant under a reflection in H 3 for any real γ such that γ (γ + 1) > −1/4, that is, X parametrizes the catenoids cousin (see Example 2-12). This suggests to look for symmetries when b = 0, for any γ ∈ R \ {−1, 0, −1/2}. Let R > 0 be a positive real number and let S be the reflection in H 3 with respect to the geodesic plane {(u, v, w) ∈ H 3 ; u 2 + v 2 + w 2 = R 2 }. The reflection S is a negative isometry (that is, a orientation reverting isometry) of H 3 . Observe that if S(X(C)) = X(C), then there exists a orientation reverting conformal transformation of C, say ϕ(z), such that S • X = X • ϕ. Thinking of the catenoids cousin, we look for ϕ with the following form: ϕ(z) = −z + a, where a ∈ R. Then a straightforward computation shows that if a = Log(1 + |b| 2 ), then ϕ * (ds) = ds. Moreover, the relation
for any z ∈ C. Again a simple calculation shows that this condition is satisfied if and only if R 2 = e a(2γ +1) /(2γ + 1) 2 . Therefore, we take a ∈ R such that e a = 1 + |b| 2 and choose R as above. Let us define the new immersionX = S • X • ϕ. Clearly,X is a mean curvature one conformal immersion (with respect to the oriented euclidean Gauss map) sharing the same metric with X. Since the second fondamental form of X isΠ = − Re (γ (γ + 1)(dz) 2 ) + ds 2 , we deduce that the second fondamental form ofX is alsoΠ. Thus X andX coincide up to a positive isometry of H 3 . Nevertheless, since S ∞ • G • ϕ = G, we deduce that X andX share the same hyperbolic Gauss map. Finally, we concludeX = X, that is, X is symmetric with respect to the geodesic plane {(u, v, w) ∈ H 3 ; u 2 + v 2 + w 2 = R 2 }.
(i) Assume γ ∈ R \ Q. Since γ is irrational, X is invariant under a subgroup of elliptic isometries of H 3 isometric to Z.
(ii) Assume Im (γ ) = 0 and γ ∈ Q \ {0, −1, −1/2}. We have again X(z + 2πi) = R 4πγ (X(z)). Let us set 2γ = p/q, where p ∈ Z * , q ∈ N * , p + 2q = 0 (since γ = −1), p+q = 0 (since γ = −1/2) and p and q without common factors. Therefore, X(z+q2πi) = X(z). Now we make the change of parameter ζ = e z/q , and letX : C * → H 3 be the mean curvature one conformal immersion defined byX Let U denote the function in the bracket in the formula of (ũ + iṽ)(ζ ) above, that is, (ũ + iṽ)(ζ ) = ζ p+q · U(ζ ) . It is easily seen that U(0) = 0 if and only if p + 2q = 0. Also, lim ζ →∞ U(ζ ) = −pq/(p + q)(p + 2q). Thus we infer from our assumption about p and q that U(0) = 0 and lim ζ →∞ U(ζ ) = 0. Furthermore, the Weierstrass representation of the minimal immersion in R 3 locally associated toX isg(ζ ) = b + ζ q andf (ζ )dζ = (p(p + 2q)/(4qζ q+1 ))dζ . Observe that the Weierstrass data (g,f dζ ) define a conformal minimal immersion into R 3 if and only if b = 0. When b = 0, we get the catenoids. Nevertheless, when b = 0, the data (g,f dζ ) define a singly periodic minimal immersion into R 3 . More precisely, (g,f dζ ) define a minimal immersion of C * into the quotient space R 3 /Z whose total curvature is −4πq. We deduce thatX has total curvature equals to −4πq. Furthermore, asG(ζ ) = (q/p + q)ζ p+q , we infer that each end (0 and ∞) is a regular end. From the expression of (ũ + iṽ)(ζ ) and the observation about the function U(ζ ) , we deduce that each end turns |p + q| times around the w-axis. That is, the restriction of the orthogonal projection on the (u, v)-plane to each end is a |p + q| covering map. Recall that theses surfaces are symmetric with respect to some geodesic plane (see the discussion above in the beginning of the third case). Then, it is easy to see that this geodesic plane is {(u, v, w) ∈ H 3 ; u 2 + v 2 + w 2 = R 2 } with R 2 = t p+q · q 2 /(p + q) 2 , where t is the positive real number such that t q = 1 + |b| 2 . Namely, we have (S R •X)(ζ ) =X(t/ζ ) for every ζ ∈ C * , where S R is the reflection about the half-sphere in H 3 centered at 0 and radius R. In Figure 2 we draw the half part of the surface with b = 1, p = q = 1. See also Figure 3 with b = 1, p = 2 and q = 1.
Special case: |p + q| = 1. In this case, since the orthogonal projection to the (u, v) FIGURE 2. plane restricted to each end is an injective map, we deduce that each end is embedded. We conclude thatX is a mean curvature one conformal immersion of C * into H 3 with two regular embedded ends and with finite total curvature. Observe that these surfaces are different from the immersed catenoids cousin, since they are locally associated to some singly periodic minimal surfaces of R 3 and not to a catenoid (recall that b = 0). We can also infer from the expresion of (ũ + iṽ)(ζ ) that they are not rotational immersions. Finally, we infer from FIGURE 6. p = −3, q = 4. FIGURE 7. p = −3, q = 4. FIGURE 8. p = −6, q = 7. FIGURE 9. p = −6, q = 7.
We draw in Figure 9 a piece of the other half part of the surface seen in Figure 8 . (2) Recently, Umehara and Yamada informed us that some of the above examples were known by them (personal communication). Nevertheless, the full geometric description we gave here is new.
(3) It is worth mentioning that the authors have given in a previous work (see 2] ) families of examples of complete minimal surfaces in H 3 invariant by a subgroup of discrete rigid motions (but not invariant by a one-parameter continuous family of such subgroups), namely a subgroup of either of the following isometries: hyperbolic, parabolic, elliptic. The techniques there are quite different, and are based on geometric analysis. That is, a combination of hyperbolic geometry with PDE methods, which enable us some flexibility.
